Motivated by the notion of conformal product structures, we classify the possible local holonomy groups of Weyl connections. The Berger-Simons theorem and the Merkulov-Schwachhöfer classification of holonomy groups of irreducible torsion-free connections leaves us with the remaining case, where the Weyl connection D is reducible and non-closed. In this case, it was shown in [BeMo] that the Weyl structure is an adapted Weyl structure of a non-closed conformal product. Furthermore we prove that non-closed Einstein-Weyl product structures only exist in dimension 4.
Introduction
In contrast to Riemannian geometry, there is no canonical structure on a product of two conformal manifolds induced by the two conformal structures. The algebraic reason is that the group CO(n 1 ) × CO(n 2 ) ⊂ GL(n 1 × n 2 , R) is not included in CO(n 1 + n 2 ). In [BeMo] , the notion of a conformal product was introduced, by generalizing a property characterizing the Riemannian product of two Riemannian manifolds, namely, the existence of two complementary orthogonal Riemannian submersions. Thus a conformal structure on a manifold is said to be a conformal product if it admits two conformal submersions with orthogonal fibres intersecting transversally.
A conformal structure is a positive definite symmetric bilinear tensor with values in the square of the weight bundle. In conformal geometry, the role of the Levi-Civita connection is played by an affine space of torsion-free connections preserving the conformal structure (called Weyl structures), which is in one-to-one correspondence with the space of connections on the weight bundle. In particular, Weyl structures coincide locally with Levi-Civita connections of Riemannian metrics in the conformal class if and only if the corresponding connection on the weight bundle has vanishing curvature. These Weyl structures are called closed, thus we will restrict our study on the non-closed Weyl structures.
In 1918 Hermann Weyl introduced conformal structures in his attempt to formulate a unified field theory. He thought that the conformal structure was able to unify gravity and electromagnetic interaction. His physical motivation was, that the universe is not really a Riemannian manifold, for there is no absolute measure of length, oppose to Einstein's model for physical space. In the theory he conjectured a determination of length at one point induces only a first-order approximation to determination of length at surrounding points. Einstein's counter argument was that no stable frequency of atomic clocks could be expected. In that case there can not be physics, because everybody would have his own laws, and there would be chaos [Chan] . Although Weyl's theory failed for physical reasons, it remains a beautiful piece of mathematics.
Spin conformal manifolds with Weyl structures D carrying parallel spinors have been studied in [Mo] , with the result that the spin holonomy representation of a non-closed Weyl structure has no fixed point, except in dimension 4, where genuine local examples do actually exist. In [BeMo] the analogous question was considered for exterior forms: Characterize (locally) those conformal manifolds (M, c) which carry an exterior form ω parallel with respect to some Weyl structure D. Here we conclude this study by giving also an analogous result. In this paper we classify the possible local holonomy groups of Weyl connections. Holonomy groups are defined by parallel displacements along loops in x ∈ M with respect to a connection form on a principal fibre bundle or with respect to a covariant derivative in a vector bundle over M . The Riemannian case is well studied and classified by the famous Berger-Simons theorem [Besse] . Since conformal geometry of a closed Weyl structure is locally equivalent to Riemann geometry, in the case of a closed Weyl structure, the Berger-Simons theorem applies. On the other hand if the Weyl structure is irreducible, the Merkulov-Schwachhöfer classification of possible holonomies of irreducible torsion-free connections [MeSc] applies. Hence the remaining case to study is the case where the Weyl structure is reducible and non-closed. In this case, it was shown in [BeMo] that the Weyl structure is an adapted Weyl structure of a non-closed conformal product. Our main result is the following:
Finally, in section 4 we will discuss Einstein-Weyl products, which are reducible Weyl manifolds whose trace-free symmetric part of the Ricci tensor vanishes. In this last section we prove that there are no non-closed Einstein-Weyl product structures (M, c, D) except when n = 4 by generalizing a proposition in [BeMo] . 
Preliminaries
For the theory of Weyl derivatives it is convenient to work with densities.
Definition 2.1. Let V be a real n-dimensional vector space and k a real number. A homogeneous map µ : Λ n V \{0} → R with the property µ(λω) = |λ| −k/n µ(ω) for all λ ∈ R * is called a density of weight k or a k-density .
The set of all densities of weight k forms a one dimensional vector space L k (V ) or simply L k . This vector space is oriented, since a non-trivial density takes either positive or negative values. Furthermore L k naturally carries the representation λ.µ = |λ| k µ of the center of the group GL(V ) or equivalently the representation A.µ = |detA| k/n µ of GL(V ). Let M n be a n-dimensional manifold, then the density line bundle L k = L k (T M ) of M is defined to be the bundle whose fibre at x ∈ M is L k (T x M ) or equivalently to be the associated bundle:
which is the bundle of densities on M . Elements of L 1 may be thought of as scalars with dimension of (length). In general the tensor bundle T M ⊗i ⊗ T * M ⊗j ⊗ L k and any subbundle, quotient bundle, section or element will be said to have weight i − j + k, or dimension of (length) i−j+k . The real line bundles L k are trivializable since they are orientable. However, there is no preferred orientation on L k , except for k = 0.
Definition 2.2. A non vanishing, usually positive section of L k , for k = 0 will be called a length scale or gauge of weight k or with dimension of (length) k .
Real numbers R = L 0 are weightless and dimensionless. Vectors of T x M , x ∈ M have weight +1 and describe translations of dimension (length). The sections of L −n over M play the role of natural integrands. The tensor product Λ n T M ⊗ L −n is the weightless space of pseudoscalars. This one dimensional space naturally carries a norm given by |µ ⊗ ω| := |µ(ω)|. The two orientations of T x M , x ∈ M are in one-to-one correspondence with the two unit elements of Λ n T M ⊗ L −n .
A conformal structure on a smooth manifold M is an equivalent class c of Riemannian metrics, where two Riemannian metrics g,g ∈ C ∞ (M, S 2 (T * M )) are equivalent ifg = e 2f g for a smooth function f on M. In conformal geometry it is interesting to not just look at a conformal structure as equivalence class but rather like an algebraic structure in the following sense: A conformal structure can also be seen as a reduction CO(M ) of GL(M ) to the conformal group CO(n) ≃ R + × O(n) ⊂ GL(n, R), where the isomorphism is obtained by identifying the positive real numbers R + with the subgroup of dilatations. More precisely it is a section c ∈ C ∞ (M, S 2 (T * M ) ⊗ L 2 ) which is everywhere positive definite. Hence once a conformal structure c fixed, there is a one-to-one correspondence between positive sections l of L and Riemannian metrics on M : c = g ⊗ l 2 .
In conformal geometry, the role of the Levi-Civita connection in Riemannian geometry is played by the affine space of Weyl connections, which are torsion-free and preserve the conformal structure. Definition 2.4. A Weyl connection on a conformal manifold is torsion-free connection on CO(M ), or equivalently a torsion-free connection on GL(M ) induced by an covariant derivative D on the bundle S 2 (T * M ) ⊗ L 2 which preserves the conformal structure, i.e. Dc = 0.
The existence and uniqueness of the Levi-Civita connections is a special case of the following central result, which is the fundamental theorem in conformal geometry and was proven by H.Weyl in [Weyl] .
Theorem 2.5. There is a one-to-one correspondence between Weyl connections of T M and covariant derivatives on L, induced by restriction to the application which associates to each linear connection
and by preserving the conformal structure, i.e. Dc = 0. Then as in Riemannian geometry, these two relations are equivalent to the generalized Koszul f ormula:
for all vector fields X, Y, Z on M . Hence, every covariant derivative ∇ D on L induces by the formula a covariant derivative on T M , and thus on CO(M ), which is clearly torsionfree and preserves the conformal structure. 
These Weyl connections seen as connections on
With (1) and the Koszul formula we can express Γ in terms of the 1-form θ:
Since for all Riemannian metrics g ∈ c, the Levi-Civita connection D g is a Weyl connection, for all Weyl connections D and all g ∈ c one can write
The 1-form θ g is called Lee f orm of D with respect to g. The gauge l g corresponding to
This follows, since D g seen as the Levi-Civita connection preserves the metric g, i.e. D g g = 0 and D g seen as Weyl connection preserves the conformal structure c, i.e. D g c = 0:
Now we see, that θ g is the connection form of D on L with respect to the gauge l g :
equivalently D X g = −2θ g (X)g for all vector fields X on M . Hence we will call Weyl connections closed (resp. exact ) if the Lee form θ g is closed (resp. exact) for all g ∈ c.
Furthermore we can establish the relation between the two Lee forms of a Weyl connection with respect to two Riemannian metrics in c. Let us consider the metrics g = c ⊗ l −2 g and g = c ⊗ l −2 g in c, then there exists a function f ∈ C ∞ (M ), such thatg = e 2f g. First we see that the length scales differ by e f , i.e. lg = e −f l g . Then, for the respective Lee forms we derive that
The curvature F D of a Weyl connection seen as a covariant derivative on L is a real 2-form on T M . Let us fix a gauge l and consider its corresponding metric g ∈ c, then
One notes that the closed 2-form F D does not depend on the metric g defining θ.
Remark 2.6. The original gauge theory of metrical relations introduced by Weyl in [Weyl] is the theory of Weyl derivatives, which is a gauge theory with gauge group R + . This theory is a geometrization of classical electromagnetism. Originally Weyl interpreted a Weyl derivative as electromagnetic potential and its curvature as electromagnetic field, which then automatically satisfies the first Maxwell equation, (dF D = 0). However, as a model for electromagnetism, the gauge theory of metrical relations was subsequently rejected in favour of a U (1) gauge theory.
For Weyl's first attempts of geometrization, we will call the closed 2-form F D Faraday form. Proof: Let l g = 0 be a D-parallel section, i.e. 0 = Dl g = θ g ⊗ l g , hence θ g = 0 and θg = df , for allg = e 2f g in c.
Corollary 2.8. A Weyl connection D is locally, respectively globally the Levi-Civita connection of a metric in the conformal class if and only if D is closed, respectively exact.
Proof: Since a closed form is locally exact, we consider that D is exact. Above we showed that D is exact iff θ g = 0 for a metric g in c. Thus from (2) we obtain, that D = D g , which is the Levi-Civita connection of g.
Hence Riemannian geometry can be seen as special case of conformal geometry, i.e. Riemannian geometry is the geometry of an exact Weyl derivative on a conformal manifold. Let us now consider the curvature
with X, Y and Z vector fields on M . In contrast to the Riemann case, R D is not symmetric by pairs, and with D = D g + Γ the curvature decomposes into
with X, Y and Z vector fields on M and R g the curvature of
, we see after some easy but somewhat long calculation that the symmetry failure of R D is measured by the Faraday form F of D,
where the wedge product is defined for a weighted endomorphism
For later use, the Ricci tensor of a Weyl structure D is defined by ( [Gaud] , although we use a different sign convention for the curvature tensor):
where g is an arbitrary metric in the conformal class and {e k } is a local g-orthogonal frame.
The holonomy classification
A conformal submersion is a map f between two conformal manifolds (M, c) and
, a conformal manifold, onto a manifold N , then the pull-back of the weight bundle of N is canonically isomorphic to the weight bundle of M . Hence if the horizontal distribution (kerdf ) ⊥ is parallel with respect to some Weyl structure, then there exists a unique conformal structure on N turning p into a conformal submersion. This result can be extended to any weighted tensor on N , respectively M , because on a conformal manifold every tensor can be seen as a covariant one with appropriate weight. In [BeMo] the following correspondence between conformal products and reducible holonomy was shown: Theorem 3.2. A conformal structure c on a manifold M is a (local) conformal product structure if and only if it carries a Weyl structure with reducible holonomy. Moreover, the correspondence between the conformal product structures and the Weyl structures with reduced holonomy is one-to-one.
This establishes the existence of a unique adapted Weyl structure D of the conformal product (M, c).
Since we can identify the pull-back of a section of the weight bundle of M 1 with a section l in the weight bundle of M and then D X l = 0 for every X ∈ T M 2 , for the Faraday form of an adapted Weyl structure follows, that F (X, Y ) = 0 for X, Y ∈ T M 1 or X, Y ∈ T M 2 . Hence the Faraday form is a section of T * M 1 ⊗ T * M 2 . We want to classify the possible (local) holonomy groups of Weyl connections. As mentioned in the introduction, in the case where D is closed, the Berger-Simons theorem applies. Furthermore Merkulov-Schwachhöfer's classification [MeSc] of possible holonomies of irreducible torsion-free connections leaves us with the case when D is non-closed and irreducible. Hence, consider D an adapted Weyl structure of a non-closed conformal product.
Theorem 3.4. A non-closed conformal product (M 1 × M 2 , c, D), with n i := dim(M i ) has restricted holonomy R * + × SO(n 1 ) × SO(n 2 ), except if n 1 = n 2 = 2, when the restricted holonomy group is either R * + × SO(2) × SO(2) or C * .
Here R * + × SO(n 1 ) × SO(n 2 ) ⊂ CO + (n 1 + n 2 ) is the subgroup with embedding (r, A, B) → r A 0 0 B and C * = R * + × SO(2) ⊂ CO + (4) is the subgroup with diagonal embedding
Before proving the theorem we are going to recall some basics about holonomy ( [Baum] ). Let M n be a smooth manifold and let L(M, x) denote the set of all piecewise smooth loops in a point x ∈ M . If M is equipped with a linear connection ∇ on the tangent bundle T M , we can parallel translate a tangent vector X in T x M along any given piecewise smooth curve γ : [0, 1] → M , starting at x = γ(0), i.e. with ∇ we can link the tangent spaces in different points via a vector space isomorphism P γ(t) , which explains the terminology connection. The vector space isomorphism is called parallel displacement P γ(t) and for any smooth curve γ,
where X(t) is a vector field along γ satisfying the equation
The holonomy group of ∇ with respect to the base point x is the Lie group of all parallel displacements along piecewise smooth loops in x:
If M is connected then this Lie group depends on the base point x only up to conjugation. The holonomy group is connected if M is simply connected. The identity component Hol 0 (M, ∇) is called restricted holonomy group, and is the group generated by parallel displacements along homotopically trivial loops. The holonomy algebra hol x (M, ∇) is the Lie algebra of the restricted holonomy group. Both are given with their respective representation on the tangent space T x M , which is usually identified with R n . Thus we can consider the holonomy group as matrix group Hol x (M, ∇) ⊂ GL(n, R) up to conjugation. At different points in a connected component the holonomy groups are conjugated by an element in GL(n, R), which is given by the parallel displacement along a piecewise smooth curve joining theses points. Furthermore the holonomy group is closed if it acts irreducibly, which is not true in general.
A frequently used theorem to calculate holonomy groups which will be crucial later is the Ambrose-Singer T heorem, which states that for a manifold M with linear connection ∇, the holonomy algebra hol x (M, ∇) is equal to
In particular this implies the following inclusion:
Throughout we are going to denote the holonomy group and algebra with Hol(∇) and hol(∇), when there are not any confusions about the manifold and the point. In order to prove now Theorem 3.4 we first prove two straightforward algebraic facts. Consider the canonical isomorphism ♯ : T * M → T M and its inverse ♭ : T M → T * M , traditionally called "raising", respectively "lowering" of indices, induced by the metric. Throughout we will not make any distinction between raised, respectively lowered indices, nor between the holonomy group and the matrix group we get by choosing a basis at a point in its tangent space.
Let V be an euclidean vector space with scalar product ·, · .
Proposition 3.5. For the commutator in End(V ) of 2-forms (
, seen as skew-symmetric endomorphisms of V it holds that
Proof: The identification of two-forms with skew-symmetric endomorphisms is given by
Then after resummation, it follows
This equality helps us now to prove the following algebraic lemma, which itself will be used to prove our main result.
Lemma 3.6. Let V 1 , V 2 be two euclidean vector spaces and F ∈ Λ 2 (V 1 ⊕ V 2 ) ≃ so(V 1 ⊕ V 2 ) a non-identically zero two-form which vanishes over
be the Lie algebra generated by the Lie brackets of F and two-forms
Proof: Assume first that dimV 1 = dimV 2 . We will prove the case where dimV 1 < dimV 2 , from which the case dimV 2 < dimV 1 follows. Let {X i } i=1,...,n 1 be an orthonormal basis for V 1 . Since the 2-form F vanishes over V i ∧ V i , i = 1, 2, we can express it as
where Y 1 , ..., Y n 1 ∈ V 2 are not all equal to zero. Then from (4) it follows that g is a subalgebra of so(V 1 ) ⊕ so(V 2 ), because for 2-forms (X ∧ Y ), with
Now it suffices to show that g contains so(V 1 ) ⊕ {0} and {0} ⊕ so(V 2 ). For this we consider the orthogonal complement of the space generated by the Y 1 , ..., Y n 1 in V 2 , such that
Hence {0} ⊕ so(V 2 ) ⊂ g. Now, we consider an orthonormal basis Y ′ 1 , ..., Y ′ n 2 for V 2 and express F in this basis
since we already showed that
and analogous to above we can show that so(V 1 ) ⊕ {0} ⊂ g, hence g = so(V 1 ) ⊕ so(V 2 ). If dimV 1 = dimV 2 3, we express as before the 2-form F with respect to an orthonormal basis X 1 , ..., X n 1 of V 1 , 
Thus as before we can prove that g = so(V 1 ) ⊕ so(V 2 ). Now we can prove our main result.
Proof of Theorem 3.4: Recall the Ambrose-Singer theorem, which says that
Since CO(n 1 ) + CO(n 2 ) is not in CO(n 1 + n 2 ), the "generic" case here is
Hence it suffices to show that span{R 
where the bracket [·, ·] denotes the commutator in End(TM) i.e.
for every two-form ω ∈ T * M 1 ⊗ T * M 2 . Furthermore we remark that the Faraday form is element of
we obtain R ⊂ hol(D), since F is not identically zero, i.e. in the non-closed case span{R(F )} = R generates the dilation in the holonomy group. Then by the algebra properties,
and using Lemma 3.6 it follows directly, that [F,
, which shows that the holonomy group is
if we don't have n 1 = n 2 = 1 or 2.
If n 1 = n 2 = 2, from calculation in [BeMo] it follows that the holonomy has at least dimension 2, which leaves us with two possibilities, i.e. the generic case and C * ≃ R * + × SO(2) ⊂ CO(4). In [BeMo] it was shown that hyper-Hermitian non-closed conformal products have restricted holonomy equal to C * . A hyper-Hermitian non-closed product is a non-closed conformal multi-product , which is a product structure, whose adapted Weyl structure D leaves parallel more than one pair of complementary distributions.
For the sake of completeness, if n 1 = n 2 = 1, then span{R(F )} = R, hence
Einstein-Weyl conformal products
A Weyl manifold (M, c, D) is called Einstein-Weyl if the trace-free symmetric part of the Ricci tensor Ric D vanishes. In this last section we want to prove that there are no non-closed Einstein-Weyl product structures (M, c, D) except when n = 4 by generalizing a proposition in [BeMo] . In particular in [BeMo] it was given a local characterization of all Einstein-Weyl structures (M, c, D) in dimension 4 with reducible holonomy. As before, we denote by F the Faraday form which is obtained by extending a section F 0 of
F (X i , Y i ) := 0;F (X 1 , X 2 ) := F (X 1 , X 2 )F (X 1 , X 2 ) = −F (X 2 , X 1 ). 
for some function ϕ : M → R.
If n 1 = n 2 = 2, as shown in [BeMo] , we know that every 2-dimensional metric is locally conformal to the flat metric, hence without loss of generality we can assume that g 1 , g 2 are flat. Using the formula for the conformal change of the Ricci tensor ( [Besse] , 1.159d), for the metrics g i , e ǫ(i)2f g i , i = 1, 2 we have for some function ϕ : M → R. Then Ric 1 = ϕg 1 = ϕe 2f (e −2f g 1 ) = ϕe 2f h 1 and Ric 2 = ϕe 2f g 2 = ϕh 2 , hence M 1 , M 2 are both Einstein with respect to the metrics h 1 and h 2 respectively. A classical result for Einstein manifolds says that for a manifold (M n , g), if Ric g = ψg, then ψ is constant if n 3. This implies that for all x 2 ∈ M 2 , ϕe 2f (·, x 2 ) is equal to a constant c 1 (x 2 ) and for all x 1 ∈ M 1 , ϕ(x 1 , ·) is equal to a constant c 2 (x 1 ) > 0. Thus for all (x 1 , x 2 ) ∈ M 1 × M 2 : c 2 (x 1 )e 2f (x 1 ,x 2 ) = c 1 (x 2 ) > 0, meaning that f (x 1 , x 2 ) = 1 2 ln(c 1 (x 2 )) − 1 2 ln(c 2 (x 1 )) is a sum of two functions only depending on one factor, which is only possible if (M, c, D) is a Riemannian product and F is closed. Hence there are no non-closed conformal product manifolds with n 1 = n 2 3.
